A number of algorithms which have been used to derive fundamental units for pure cubic fields suffer from the lack of absolute certainty that the units obtained are fundamental. We present here an algorithm which will correct this deficiency. Briefly, if tj is any nontrivial unit of a pure cubic field, then for UN some positive integer N, r) will be a fundamental unit. Our method determines UN which of the real numbers r¡ are integers of the field and, subsequently, will determine the coefficients of the fundamental unit. We illustrate the process with several numerical examples.
to calculate units. This need has motivated us to develop such a test, which will not only determine whether or not a unit is fundamental, but will produce the fundamental unit when any nontrivial unit is tested.
Our approach is based on the relationship between the numerical value of a unit e, and its minimal polynomial. We are able to determine the coefficients of this polynomial, given e. Any given unit 0 < e < 1, will be a power of the fundamental unit. We calculate e~llN (as a real number, with N E Z+) and we then determine values which will be the coefficients of the minimal polynomial for e1 lN if it is a cubic integer. These values are integral if and only if e1^ is a cubic integer and, hence, also a unit. We know e1'^ is a fundamental unit for some N E Z+ (possibly N = 1), and we will show that only a small number of integers N need be considered. Hence, we are able to determine conclusively which root of e is fundamental. We also illustrate our algorithm with several numerical examples, one of which verifies Sved's unit t?167 as fundamental.
Our algorithm used in conjunction with Szekeres' algorithm would not only be conclusive, but would also be more efficient than the direct use of Szekeres' algorithm described by Sved. In that application, Sved, having initially obtained a unit, continues to calculate units with larger coefficients. This involves working with numbers of increasing precision. As in many cases this involves computations using multiprecision arithmetic, these further computations may be very expensive. Also, she makes no use of the unit already obtained.
Having obtained a unit, our algorithm would immediately be applied to the numerical value of this unit, and computation would involve a sequence of numbers in which the need for precision decreased steadily. For example, for D = 167, Sved continues her calculations with numbers of up to 360 significant digits; whereas, with our algorithm the computations would commence with numbers of 100 significant digits, with significance decreasing at each step. (In the final step, only 10 significant digits are necessary.) Thus, having obtained a unit, we work in the 'opposite direction' as far as precision is concerned.
Conditions for a Real Number to be a Cubic Unit. Let p, q be two distinct relatively prime squarefree integers with p > 0, q > 0 then d = pq2 > 1 is cubefree.
Let a = d1!3. The integers of Q(a) axe the numbers: (1) ß = (x+y(pq2)1'3 +z(p2q)ll3)/3, where x, y, z E Z and x = y = z = 0 (mod 3) is p ^ ± q (mod 9), (Type I) or x = py = qz (mod 3) if p = ± q (mod 9), (Type II). If ß G Z, then it satisfies the minimal polynomial:
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As the second term of (4) is positive definite, ß has the same sign as its norm.
We now list some properties of units of Q(a). Lemma 1. Let p = (x + y(pq2)1'3 + z(p2q)1/3)/3 > 1 be a unit of Q(a).
Then: Consider the six terms a, b, c, a2 -be, b2 -ca, c2 -ab. We know from (B) that a, b, c are nonzero. If two of the other terms were zero, say a2 = be and b2 = ca, then a4 = b2c2 = ac3 => a = b = c, which cannot hold. For fields of Type I, p2 ^ q2 (mod 9), then a, b, c, a2 -be, b2 -ca,c2 -ab axe integral multiples of 1, (pq2)1!3 or (p2q)1/3. Hence.at least one of the summands in both (8) and (10) where A E Z. We note that x(x2 -pqyz) = 0 (mod 3). Thus, pqA = 0 (mod 3).
But pq ^ 0 (mod 3) so A =0 (mod 3). A =£ 0, for otherwise p = 1, and we have assumed the terms in (9) to be nonnegative. Hence, A > 3 => lp<7l A > 30, contradicting (11). Hence, at least one term in (9) is negative.
Hence, for fields of both Types I, and II, at least one term in both (8) and (10) is negative.
By (6) In these cases, the smallest units > 1 are p 4 23.3 for d = 10, 100 and p 4= 5.2 for d = 28, 98 [1] . Hence, p > 3 in all cases.
We now consider the relationship between the numerical value of the unit and its minimal polynomial. For this we consider the reciprocal e = l/p of the unit above. Lemma 2. Let e = p"1 = (I + m(pq2)113 + n(p2q)1/3)/3 < 1. Then e satisfies the minimal polynomial:
where f= (I2 -pqmn)/3. For \pq\ >8, We make use of result (B) for our theorem. What we wish to determine is whether or not the real number e^ = e1^ is a unit of Q(a). This is equivalent to determining whether or not it satisfies a monic integral cubic polynomial with constant term -1. can be tested in Eq. (14). Then eN is a unit <=>■ one of these values satisfies (14). In practice, for e^ small, condition (B) screens out most e^ tested as not being units. The probability that this test is "accidentally" satisfied is low.
Proof. For e^ < 1/25, I/-e^1 I < 61^e1N'2(l + e^/2)1/2 + 2e2N < 0.5, from 6. IfífEZ such that I/-p(r)\ < 2.75(p(r)y112, go to 8. 7. If3/E Z such that I/-p(r)\ < 2.75(p(r)T1/2 and / = fp(r) -p(r)2 + u(r)"1 e Z, go to 9. Since the calculation at step 7 involves irrational numbers, a conclusive result cannot be obtained no matter how many decimal digits are calculated. We can overcome this small problem by calculating /, at step 7, to (say) 5 decimal place accuracy. This requires calculating p(r) to [2 log10 p(r) + 7] decimal digits. If/ differs from an integer by no more than 10~"4, we would have reasonable confidence that p(r) is indeed a cubic integer, and final verification would depend on the existence of integers, m and n, determined by the simultaneous equations given in Note (c) above, and satisfying/3 + pq2m3 +p2qn3 -3pqlmn = 27. Almost all tests derive a nonintegral value of/, so this final verification is rarely needed. Indeed, no example of p(r) > 1000 has been found to satisfy this condition other than when p(r) was a unit.
Although multiprecision arithmetic is needed for large p, it is only necessary for small primes r. For example, with d = 167, all primes from 2 to 61 must be considered, but for r = 13 onwards double precision arithmetic was sufficient. The majority of the computing time is involved in the computations with r = 2, 3, 5, 7 and 11. For p(r) < 25, several values of/must be considered, but with single precision accuracy this involves little time.
Examples. We give three examples showing how we determined whether or not three given units are fundamental. The calculations were done on a Burroughs B6700 computer. We take the smallest unit p > 1 to be the fundamental unit. Solving the equations in Note (c) gives us m, n such that I3 + 23m3 + 529n3 -69lmn = 27. Thus /, m, n axe the coefficients of the unit (p(2))_1, i.e. p (2) is a unit.
We start again, replacing p with p(2). We recalculate N i.e. N = 28
(16) p(2) = 52404 9269428640-024917,
clearly not a unit, since the test at step 6 is negative.
p ( i.e. not a unit.
Since the next prime is greater than 10, we stop. Clearly, the test at step 6 is negative, i.e. p (2) is not a unit. The remaining calculations are given in the table above with / being calculated only for the cases in which the test at step 6 is positive.
Therefore, we can conclude that p is fundamental. shown.
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